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OUTLINE

. Review of terminology and basic concepts

. Pro~ress in ordering methods: multiple
minImum degree

. Progress in hardware: impact of
gatner /scatter

. Progress in out-of-core schemes: Liu's
method and multifrontal

. Conclusions



-.;,. ,',"
'.>

..
.&&... .. ... ..

..
.. ..

1..&..

.
.

...... ... .. ... .. ..... .. .. . .... .. ... .. . ... . ... .. ...



"""

v

~

,-

. REVIEW: DENSE LINEAR EQUATIONS
Direct Sparse Linear Equations on Supercomputers

. Givenan n by n dense coefficient matrix, and linear system
A x = b

-- Factor A into some reduced form

(LV, LLT, LDLT, VDUT, QR, LQ, U~VT, . . .)

-- Solve sequence of simpler systems

(L z = b, then U x = b)

. Costs
r

-- n3 operations

-- n2 storage
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SPARSE MATRICES
Direct Sparse linear Equations on Supercomputers

. "Mostlyzero"

Wilkinson -- "sparse if we can take advanta~ of the
structureorfhe matrix"

. Goal

-- much less storage and work than dense

. Problems

-- A-1 and x are dense

-- Land U are less sparse than A

Paoe 4
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SPARSE MATRICES (continued)

Direct Sparse Linear Equations on Supercomputers

. Fill in

-- introduction of zeros in L or U in places where A had exact
zeros

[ x x . x ~ x x ]

+

[ x X x x x x ]

-

[ x x +x+x+x + X ]

Paqe 5
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PROBLEMS
Direct Sparse Linear Equations on Supercomputers

CLASSES OF
PROBLEMS

SYMMgTHIC

Positive
Definite

UNSYMMETRIC

Indefinite Symmetric
Structure

General

Paqe 6
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ORDERING
Direct Sparse linear Equations on Supercomputers

. Dense case

-- rows and/or columns are interchanged for stability

-- interchanges do not change the solution

-- interchanges never necessary for LLT(Cholesky)
decomposition of symmetric positive definite systems

-- symmetric row and column interchanges preserve positive";
definiteness

-- any reordering of s.p.d. A as good as any other

D",,,nn
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ORDERING (continued).
Direct Sparse Linear Equations on Supercomputers

. Sparse case

-- ordering of rows and columns controls fill

* * * * *
* *
*
*
*

*
*
*

*

* yields full L * * has no fill in L
*

*
* *

* * * * *
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. ORDERING (continued)
Direct Sparse Linear Equations on Supercomputers

. Choose some permutation of rows and columns so that
reordered system is easier to solve.

. Obtaining minimum fill is NP-complete.

. Alsowant to consider data structures as well as fill.

. Ordering

-- heuristics, often discipline dependent, for obtaining
permutation vectors

-- independent of the numerical values

n"rln 11
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Elimination Trees

Each ordering implies an elimination tree

Subset of edges in the factored matrix

Equivalence of all traversals numbering child before parent
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ENVELOPE REORDERING
Direct Sparse Linear Equations on Supercomputers

. Attempt to reduce the bandwidth, variable bandwidth
{profile, envelope, skyline} or frontwidth.
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ENVELOPE REORDERING
Direct Sparse Linear Equations on Supercomputers

. Attenlptto reduce the bandwidth, variable bandwidth
(profile, envelope, skyline) or frontwidth.
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ENVELOPE REORDERING
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ENVELOPE REORDERING
Direct Sparse Linear Equations on Supercomputers

. Attempt to reduce the bandwidth, variable bandwidth
(profile, envelope, skyline) or frontwidth.
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NESTED DISSECTION REORDERING
Direct SparseLinear Equations on Supercomputers

. Computer science "divi.ge and conquer" strategy.
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" BANDED VERSUS ','GENERAL' SPARSE METHODS IN THE
" ":~'".":, ,"':',' "',:' ",', ,'. PAST' , '

The Impact of Ha'rdwareGather/Scatteron Sparse Gaussian Elimination
",,'

"

, " "

.. , " ,
" , ' , '''','

.B.~ncl~~/Profileiskyline Schemes: . GeneralSparse Schemes:
, '" .., '

, ,,' " " ' ..

",-~' more storage,'" '-- 'less storage
" ,. '

--' more' operations
, , ,

-- less operations'

','..;
. '

,_':' easy ordering' . -- difficult ordering
.' . .' ~, ,

," '

. -- ea~y yectorization
-- no vectorization

--,easy out-of-cor~ :

. '.'-difficu It out-of-core

,"

, ""

. However...

,
\.,
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BANDED VERSUS GENERAL SPARSE ,METHODS
, ' ,', , ',( CON 'T) ">',':"';.'"'",,,:,,::' , ' ",,"

The Impact of Hardware Gather/Scatter on Sparse Gaussian Elimination

. ,
,', ,<:' '",

" ,

"

, '

. RecentAdvancesinAlgorithmReseach ,.','

. -~ multiple minimum degree algOrith~fJ!. Liu;1985) .

, ==? e as y 0 rde rin ~ff0 rg e n era I 5pars e : m, et hod 5 ," ..'",

, ,

-- general 'sparse out-of-core scheme ( J. Liu,1985) ,

, ' '\

, ,
, '

. 'RecentAdvances in Hardware'
, ., , '

" " ,"',,'
, " '

. -- Hardware gatherlscatter'on the CraYX~MPaHovvsex~cution of
'," general sparse schemesat vector spe,ed~ " ',' ':"", ." ,

",,"
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OUTLINE

. Review of terminology and basic concepts

. Progress in ordering methods: multiple
minImum degree

. Progress in hardware: impact of
gatlier /scatter

. Progress in out-of-core schemes: Liu's
method and multifrontal

. Conclusions
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SAMPLE PROBLEMS

Test Problem

BCSSTK24: Winter Sports Arena
BCSSTK15: Off Shore Platform
BCSSTK28: Solid Element Model
BCSSTK16: Corps of Engineers Dam
BCSSTK18: Pin Boss (Auto Steering Component)
BCSSTK29: Boeing 767 Rear Bulkhead
BCSSTK25: 76 Story Skyscraper (Columbia Center)
BCSSTK30: Generator Platform .

BCSSTK31: Automobile Component
BCSSTK32: Automobile Chassis

DOF

3562
3948
4410
4884
8738

13992
15439
28924
35884
44608
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OUTLINE

. Review of terminology and basic concepts

. Progress in ordering methods: multiple
minImum degree

.
, Progress in hardware: impact of

gatner /scatter

. Progress in out-of-core schemes: Liu's
method and multifrontal

. Conclusions
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DATA STRUCTURES FOR GENERAL SPARSE
" FACTORIZATION

Direct Sparse Linear Equations on Supercomputers

. Matrix entries are scattered, columns of factored matrix are
stored in compact form

a 1, a 2, a 3, . . ., a p. .. .
11, 12, 13,..., 1P

. Inner loop of factorization

DO 100 I = 1, P
Y (INDEX(JJ)= A * X(J) + Y(JNDEX(J))

100 Continue

. SAXPYI

-- 88 mflops at n = 0()
-- 53 mflops at n = 64

14 mflops at.n = 10
3 mflops at n = 2

n__- ......
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,SAXPYI SPEED ON ,THE ,CRAY'X-MP/24 USING:'1CPU
. ",", ,. (RATES GIVEN INMEGAfL,OPS) ,',:: ""':"'; "

, The Impact of Hardw'are Gather/Scatter onSpars'eGaussian Eljmination

"

, ,

M =10 "

"',

M = infinity

",

(ignoring the hardware for gather/scatter)

CFT 1.13
VectorPak

5.0 "

6.3
.. '5.7

,14.5, ~ ,0,

(using the hardwaref~r gather/scatter)

CFT1.14
, , '

VectorPak
13.8 . .
15.5

66.3
, 88.1

"
, '
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EXECUTION TIMES (sEC) FOil FA.Cl-QRIZJ-,\TIONAND
, , " , ',' SOLUTION, ROUTINES~;'::""",:,::""~:::~'::";,':',,;/',,.~:' "

, , " .'. '," , ' ", .. ,:go ".', ',' . . , , ,

The Impact of Hardware Gather/Scatter on 'S'pa'rs'etGaussian Elimination

. ...," CR~Y .~- M'~.~'V~ eto r~ ~;k.\' .',",.''...,,'.'".. '.."'1','.".'...'".'..
Factorization Time" Factorization MFLOPSProblem

RCM MD
:" , ' ,-' '-: ',','

,''', , RCM .:'>.:, MMD
, ,

5TK3562

STK3948
STK4884

, 5T10974
5T11948

, 5T15439
\,

" 3.4
7.4
4.0

1.2
4.0
4.1
4.8
3.8 '~'

7.7

*

" 26': . 26

38 ,41 .

38 - '41

* 30
* 37

27 ' 40

~',',

*

17.4
, ;,',

lRGPWR
,', :'

':27: ' 33.6 0.1

'"
,',

,,'

, '
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RELATIVE EXECUTION TIMES FOR SPARSE MATRIX

FACTORIZATION

The Impact of Hardware Gather/Scatter on Sparse Gaussian Elimination
(normalized so that VectorPak with 9/s-1.00)

Sports Arena CFT1.14 w/out g/5
(N = 3562)

VectorPak w/out g/5

CFT1.14 wi 9/5

VectorPak wi 9/5

Columbia Center CFT1.14 w/out g/5
(N=->

151' VectorPak w/out g/5

CFT1.14 wi g/s

VedorPak wi g/s

6.3

2.5

1.1

1.0

8.7

3.1

1.2 I

1.0
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OUTLINE

. Review of terminology and basic concepts

. Pro~ress in ordering methods: multiple
minImum degree

.' Progress in hardware: impact of
gatner /scatter

. Progress in out-of-core schemes: Liu's
method and multifrontal

Conclusions
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Out-of-core Factorization

Three ways of organizing the factorization:

bordering method

inner product method

outer product method
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Inner Product Method

......

- not accessed.,~.

"'.;
~ computed and accessed
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accessed and modified
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Out-or-core General Sparse Factorization

. Write entries in upper triangle to
secondary storage

Garbage collection as needed.

. Slight increase of workspace decreases
garbage collections

Depth first traversal of elimination tree
with special heuristic

.

. Use of SAXPYI

. Subscript compression open problem
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Inner Product Method

l
' ,
UA S, 0.'30 n'llu...

II~'.

:"@I<'~ not accessed"...,~.

~ computed and accessed

-",:,1.

"" ,

:i,-;'::~':
" Md.1, , " ..,"'." ,

accessed and modified

.. , '., .
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MultifrontaI Methods (Duff)

. Derived from frontal methods in finite
element codes

Simultaneous assembly and factorization

Elimination of a node, when all children
have been eliminated

.

.

. Update of frontal matrix by merging
updates of children

Compute new frontal matrix by rank one
updates

Keep frontal matrix on stack for parent
upd~e .

.

.
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Liu's General Sparse versus Multifrontal

General Sparse Multifrontal

pull from behind

heap of columns

updates from descendants
SAXPYI

expljcit indices

vector operations

push forward
stack of frontal matrices

updates from children
SAXPYI and SAXPY

implicit indices

matrix operations
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SAMPLE PROBLEMS

Test Problem General Sparse Multifrontal

BCSSTK28 60467 43884
BCSSTK29 301065 223251
BCSSTK30 410095 354271
BCSSTK31 1278817 1099804
BCSSTK32 658654 418329


